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a b s t r a c t
This paper deals with approximating properties of the newly defined q-generalization of
the Szász–Mirakjan operators in the case q > 1. Quantitative estimates of the convergence,
the Voronovskaja’s theorem and saturation of convergence for complex q-Szász–Mirakjan
operators attached to analytic functions in compact disks are given. In particular, it is
proved that for functions analytic in {z ∈ C : |z| < R}, R > 2q, the rate of approximation
by the q-Szász–Mirakjan operators (q > 1) is of order q−n versus 1/n for the classical
Szász–Mirakjan operators.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction




1− q if q ∈ R
+ \ {1},
k if q = 1
for k ∈ N and [0]q = 0,
[k]q! := [1]q [2]q · · · [k]q for k ∈ N and [0]! = 1.






[k]q! [n− k]q! .
For fixed q > 1, we denote the q-derivative Dqf (z) of f by
Dqf (z) =

f (qz)− f (z)
(q− 1) z , z 6= 0,
f ′(0), z = 0.






If |q| > 1, eq(z) is an entire function and
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1+ (q− 1) z
qj+1
)
, |q| > 1. (2)
There is another q-exponential function which is entire when 0 < |q| < 1 and which converges when |z| < 1|1−q| if |q| > 1.
To obtain it we must invert the base in (1), i.e. q→ 1q :










1+ (1− q) zqj) , 0 < |q| < 1.
In several recent papers, the convergence properties of complex q-Bernstein polynomials, proposed by Phillips [1],
defined by
















and attached to an analytic function f in closed disks, were intensively studied. Ostrovska [2–4], and Wang [5] have inves-
tigated the convergence properties of Bn,q, Ostrovska [2], Wang and Wu [6] have studied the Voronovskaja type theorem
and saturation of convergence of complex q-Bernstein polynomials. Mahmudov [7] studied approximating properties for
complex q-Stancu polynomials attached to analytic functions on compact disks in the case q > 1. On the other hand, Gal
[8,9] obtained quantitative estimates of the convergence and of the Voronovskaja’s theorem in compact disks, for complex
Szász–Mirakjan operators attached to analytic functions satisfying some suitable exponential-type growth condition.
The goal of the present note is to extend these types of results to complex generalized Szász–Mirakjan operators based
on the q-integers, or q-Szász–Mirakjan operators, in the case q > 1 defined as follows













(− [n]q q−kz) . (3)
In the case q→ 1+ these operators coincide with the classical Szász–Mirakjan operators. If f is bounded on [0,∞) then it
is clear that Sn,q (f ; z) are well defined for all z ∈ C.
Let DR be a disk DR := {z ∈ C : |z| < R} in the complex plane C. Denote by H (DR) the space of all analytic functions on
DR. For f ∈ H (DR)we assume that f (z) =∑∞m=0 cmzm.
We start with the following quantitative estimates of the convergence for complex q-Szász–Mirakjan operators attached
to an analytic function in a disk of radius R > 2 and center 0.
Theorem 1. Let 1 < q < R2 < ∞ and suppose that f : DR ∪ [R,∞) → C is continuous and bounded in DR ∪ [R,∞) and
analytic in DR. Let 1 ≤ r < R2q be arbitrary fixed. For all |z| ≤ r and n ∈ N, we have∣∣Sn,q (f ; z)− f (z)∣∣ ≤ Cr,A[n]q ,
where Cr,A = 2∑∞m=2 |cm| (m− 1) (2qr)m−1 <∞.
Theorem 1 says that for functions analytic in DR, R > 2q, the rate of approximation by the q-Szász–Mirakjan operators
(q > 1) is of order q−n versus 1/n for the classical Szász–Mirakjan operators, see [9].
Let R2 > q ≥ 1 and let f ∈ H (DR). For |z| < R/2q, we set
Lq (f ; z) := Dqf (z)− f
′ (z)
q− 1 for q > 1,
and for q = 1,




It is not difficult to show that











[1]+ · · · + [m− 1]q
)
zm−1, q > 1.
The next theorem gives Voronovskaja type result in compact disks, for complex q-Szász–Mirakjan operators attached to an
analytic function in DR, R > 2 and center 0.
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Theorem 2. Let 1 < q < R2 < ∞ and suppose that f : DR ∪ [R,∞) → C is continuous and bounded in DR ∪ [R,∞) and
analytic in DR. Let 1 ≤ r < R2q be arbitrary fixed. The following Voronovskaja-type result holds∣∣∣∣Sn,q (f ; z)− f (z)− 1[n]q Lq (f ; z)
∣∣∣∣ ≤ 4 |z|[n]2q
∞∑
m=2
|cm| (m− 1) (m− 2) (2qr)m−3,
for all |z| ≤ r and n ∈ N.
Now we are in position to prove that the order of approximation in Theorem 1 is exactly q−n versus 1/n for the classical
Szász–Mirakjan operators, see [9].
Theorem 3. Let 1 < q < R2 , 1 ≤ r < R2q and f : [R,∞) ∪ DR → C be bounded on [0,∞) and analytic in DR. If f is not a
polynomial of degree ≤ 1, the estimate∥∥Sn,q(f )− f ∥∥r ≥ 1[n]q Cr,q(f ), n ∈ N,
holds, where the constant Cr,q(f ) depends on f , q and r but is independent of n.
From Theorem 2 we conclude that for q > 1, [n]q
(
Sn,q (f ; z)− f (z)





. Furthermore, we have the following saturation of convergence for the q-Szász–Mirakjan operators for fixed q > 1.
Theorem 4. Let 1 < q < R2 , 1 ≤ r < R2q . If a function f is analytic in the disk DR, then
∣∣Sn,q (f ; z)− f (z)∣∣ = o (q−n) for infinite
number of points having an accumulation point on DR/2q if and only if f is linear.
The next theorem shows that Lq (f ; z) , q ≥ 1, is continuous about the parameter q for f ∈ H (DR) , R > 2.
Theorem 5. Let R > 2 and f ∈ H (DR). Then for any r, 0 < r < R,
lim
q→1+ Lq (f ; z) = L1 (f ; z)
uniformly on DR.
2. Auxiliary results








(− [n]q q−kz) = 1,
which can be proved by taking the 1/q-derivative of eq
(− [n]q z) for q > 1. It is easily seen that, see [10],





) = ∆kqf (xj+1)− qk∆kqf (xj)
for all integers k ≥ 0, where∆0qf
(
xj
) = f (xj) and∆1qf (xj) = ∆qf (xj).
Lemma 6 ([1]). For q > 0 and all j, k ∈ N ∪ {0}, we have[
xj, xj+1, . . . , xj+k; f
] = [n]kq∆kqf (xj)
qk(2j+k−1)/2 [k]q! ,
where xj = [j]q[n]q .

















where xj = [j]q[n]q .
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Lemma 8. Let q > 1. For each r ∈ N we have
Drq
(









sn,k (q; z) , (4)
where




(− [n]q q−kz) .
Proof. The proof is by induction on r . It is clear that for all integers n ≥ 1, k ≥ 0 (with sn,−1 (q; z) = 0)
Dqsn,k (q; z) = q−k+1 [n]q sn,k−1 (q; z)− q−k [n]q sn,k (q; z) .
Applying the Dq-differential operator to Sn,q (f ; z)we find























q−k [n]q sn,k (q; z) .
Similarly









−2k−1sn,k (q; z) .
Let us assume that it holds for some r ≥ 3. Applying the q-differential operator to (4) we find
















































sn,k (q; z) . 
Using the following connection between the divided differences and the q-differences given in Lemma 6 we have the
following representation formula.
Corollary 9. For each r ∈ N we have
Drq
(
Sn,q (f ; z)













sn,k (q; z) .
Lemma 10. The q-Szász–Mirakjan operator can be represented as













Proof. Using the Cauchy rule for themultiplication of two series from the definition of Sn,q and eqwehave the representation



























































Now the results follow from Lemma 6 with xj = 0. 













Also we know that the connection with q-differences∆kqf (0) and the kth derivative f





















. From this equality, it is obvious that q-differences of monomial em of order greater than m are zero.
Thus, we have









































are the q-Stirling polynomials of the second kind.
3. Proofs of the main results
Proof of Theorem 1. According to Lemma 10, we can write































∣∣∣∣∣ |z|k = m∑
k=1









rm−k |z|k ≤ (2qr)m. (6)
Taking the q-derivative of Sn,q (em; z)we can easily obtain
Sn,q (em+1; z) = z[n]qDqSn,q (em; z)+ zSn,q (em; z) ,
from which the recurrence formula is immediate
Sn,q (em; z)− zm = z[n]qDqSn,q (em−1; z)+ z
(
Sn,q (em−1; z)− zm−1
)
, (7)
for all z ∈ C,m, n ∈ N.
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It is known that by a linear transformation, the Bernstein inequality in the closed unit disk becomes∣∣P ′m(z)∣∣ ≤ mqr ‖Pm‖qr , for all |z| ≤ qr, r ≥ 1,
(where ‖Pm‖qr = max {|Pm(z)| : |z| ≤ qr}) which combined with the mean value theorem in complex analysis implies∣∣Dq (Pm; z)∣∣ = ∣∣∣∣Pm(qz)− Pm(z)qz − z
∣∣∣∣ ≤ ∥∥P ′m∥∥qr ≤ mqr ‖Pm‖qr ,
for all |z| ≤ r , where Pm(z) is a complex polynomial of degree≤ m.
Now, from (6) and the recurrence formula (7), for all |z| ≤ r we get∣∣Sn,q (em; z)− em(z)∣∣ ≤ r[n]q m− 1rq ∥∥Sn,q (em−1)∥∥qr + r ∣∣Sn,q (em−1; z)− em−1(z)∣∣
≤ m− 1
[n]q
∥∥Sn,q (em−1)∥∥qr + r ∣∣Sn,q (em−1; z)− em−1(z)∣∣
≤ m− 1
[n]q
(2qr)m−1 + r ∣∣Sn,q (em−1; z)− em−1(z)∣∣ ,
from which implies the recurrence inequality∣∣Sn,q (em; z)− em(z)∣∣ ≤ r ∣∣Sn,q (em−1; z)− em−1(z)∣∣+ m− 1[n]q (2qr)m−1.
Bymathematical inductionwith respect tom (with n ≥ 1 supposed to be fixed, arbitrary), this recurrence inequality implies
(see [8, p. 115])∣∣Sn,q (em; z)− em(z)∣∣ ≤ rm−1[n]q
m−1∑
j=1
















Since Sn,q (f ; z) is analytic in DR, which follows from the boundedness of f on [0,∞), we can write
Sn,q (f ; z) =
∞∑
m=0
cmSn,q (em; z) , z ∈ DR,
which together with (8) immediately implies for all |z| ≤ r∣∣Sn,q (f ; z)− f (z)∣∣ ≤ ∞∑
m=2
|cm|
∣∣Sn,q (em; z)− em(z)∣∣ ≤ 2[n]q
∞∑
m=2




where Cr,A = 2∑∞m=2 |cm| (m− 1) (2qr)m−1 <∞, for all 2rq < R. 
Proof of Theorem 2. Denoting
Em,n(z) = Sn,q (em; z)− em (z)− [1]q + · · · + [m− 1]q[n]q z
m−1,
we immediately obtain the new recurrence formula
Em,n(z) = z[n]qDq
(
Sn,q (em−1; z)− em−1(z)
)+ z (Sn,q (em−1; z)− em−1(z)− [1]q + · · · + [m− 2]q[n]q zm−2
)
,
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≤ |z| ∣∣Em−1,n(z)∣∣+ |z|[n]q m− 1qr ∥∥Sn,q (em−1)− em−1∥∥qr
≤ |z| ∣∣Em−1,n(z)∣∣+ |z|[n]q m− 1qr 2(2qr)
m−2 (m− 2)
[n]q
≤ |z| ∣∣Em−1,n(z)∣∣+ 2 |z|
[n]2q
(2qr)m−3 (m− 1) (m− 2) .





(j− 1) (j− 2) 2j−3 ≤ 2 |z|
[n]2q






(qr)m−3 (m− 1) (m− 2) (2m−2 − 1) ≤ 4 |z|
[n]2q
(2qr)m−3 (m− 1) (m− 2) .















|cm| (m− 1) (m− 2) (2qr)m−3. 
Proof of Theorem 3. For all z ∈ DR and n ∈ Nwe get
Sn,q (f ; z)− f (z) = 1[n]q
{
Lq (f ; z)+ [n]q
(




‖F + G‖r ≥ |‖F‖r − ‖G‖r | ≥ ‖F‖r − ‖G‖r
to get ∥∥Sn,q(f )− f ∥∥r ≥ 1[n]q





Because by hypothesis f is not a polynomial of degree ≤1 in DR, it follows that
∥∥Lq (f ; z)∥∥r > 0. Indeed, assuming the
contrary it follows that Lq (f ; z) = 0 for all z ∈ DR that is Dqf (z) = f ′(z) for all z ∈ DR \ {0}. Thus cm = 0,m = 2, 3, . . . .
Thus, f is linear, which is in contradiction with the hypothesis.
Now, by Theorem 2 we have
[n]q




|cm| (m− 1) (m− 2) (2qr)m−3 → 0 as n→∞.





∥∥Lq (f ; z)∥∥r ,
which implies∥∥Sn,q(f )− f ∥∥r ≥ 1[n]q 12 ∥∥Lq (f ; z)∥∥r , for all n ≥ n1.
For 1 ≤ n ≤ n1 − 1 we have∥∥Sn,q(f )− f ∥∥r ≥ 1[n]q ([n]q ∥∥Sn,q (f )− f ∥∥r) = 1[n]qMr,n(f ) > 0,
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which finally implies that∥∥Sn,q(f )− f ∥∥r ≥ 1[n]q Cr,q(f ),
for all n, with Cr,q(f ) = min
{
Mr,1(f ), . . . ,Mr,n1−1(f ),
1
2
∥∥Lq (f ; z)∥∥r}. 
Proof of Theorem 5. Let f (z) =∑∞m=0 cmzm be a function analytic in the discDR, R > 1. For any 1 ≤ r < R, let q0 ∈ (1, R/r)
be fixed. Then for any q ∈ [1, q0] and |z| ≤ r ,
















Let ε > 0 be given. Since f ∈ H (DR), we get∑∞m=2 |cm|m2qm0 rm <∞, sowe can findN = Nε such that∑∞m=2 |cm|m2qm0 rm <
ε/8. Using the inequality∣∣∣∣∣m−1∑
i=1









[j]q ≤ (q− 1)m2 [m]q ≤ m3qm,
we get for |z| ≤ rq ∈ [1, q0],







[i]q − m (m− 1)2












|cm|m3qm0 rm−1 + 4
∞∑
m=N











|cm|m3qm0 rm−1 + ε/2.
Since
∑∞
m=2 |cm|m3qm0 rm−1 < ∞, we get K < ε for q sufficiently close to 1 from the right. We conclude that limq→1+
Lq (f ; z) = L1 (f ; z) uniformly on Dr . The proof of the theorem is finished. 
Proof of Theorem 4. Then by Theorem 2, we get Lq (f ; z) = limn→∞ [n]q
(
Sn,q (f ; z)− f (z)
) = 0 for infinite number of




, by the Unicity Theorem for analytic functions we
get Lq (f ; z) = 0, and therefore, by (9), cm = 0,m = 2, 3, . . . . Thus, f is linear. Theorem 4 is proved. 
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